Abstract. In this paper it is demonstrated that the Hochschild Cohomological dimension of an associative algebra is not an upper-semi continuous function, showing the semicontinuity theorem is no longer valid for noncommutative algebras. This is exhibited by a family of C-algebras parametrised by C all but one of which has Hochschild cohomological dimension 2 and the other having Hochschild cohomological dimension 1.
All algebras are assumed to be unital and associative. Denote by HH n (A, M ) the n th Hochschild cohomology of A with coefficients in M .
Definition 0.1. The Hochschild cohomological dimension of a C-algebra A, denoted HCDim(A) is defined as the largest natural number n for which there exists
The Hochschild cohomological dimension of the family of C-algebras:
parameterized by a ∈ C is the focus of this paper.
Lemma 0.2. HCDim(A 1 ) = 2.
Proof.
(1) The Poincaré-Birkhoff-Witt theorem implies A 1 is isomorphic to the universal enveloping algebra of the 2-dimension complex lie algebra g with C-basis {x, y} who's Lie bracket relations is described on basis elements as
Hence, there are isomorphisms:
(The isomorphisms in (0.3) are described in [4] (for general k-algebras A) and the isomorphisms (0.4) arise from the calculation of the homology of (4) The resolution (0.2) implies that for n > 1 there are isomorphisms:
Therefore, 1 ≤ HCDim(A) < 2.
Theorem 0.3. There exists a family C-algebras A a , parametrised by C such that if a = 0 then HCDim(A a ) = 2 and HCDim(A 0 ) = 1.
is a regular C-algebra of finite type it satisfies Van Den Bergh duality in dimension 1 [3] ; together with the Hochschild-Kronstadt-Rosenberg theorem [4] this means there are natural isomorphisms for every (
In particular, this implies the Hochschild cohomology vanishes for n > 1 and
Thus, HCDim(A 0 ) = 1.
• On the other hand if a = 0, A a is isomorphic to A 1 := C x, y /(xy − yx− x) via the C-algebra isomorphisms ψ a : A a → A 1 mapping y → ay (with inverse y → 1 a y). Hochschild cohomology is functorial [4] , therefore for every (A, A)-bimodule M , for every n ∈ N and a ∈ C − {0} ψ a induces isomorphisms
Whence HCDim(A a ) = HCDim(A 1 ) for all a ∈ C − {0} . Therefore it is enough to compute the Hochschild cohomological dimension of A 1 . • Lemma 0.2 entails HCDim(A a ) = 2 for all a ∈ C−{0}. Hence HCDim(A a ) = 2 if a ∈ C − {0}.
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